Appendix: Proof of Spatial Derivative of Clear Raindrop
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Layout Section 1 forms the imagery of clear raindrop with more detailed notations. Two conclusions
used in the manuscript (Eq. (4), after Eq. (6)) are at the end of Section 2 and Section 3 correspondingly.

1. Geometric Derivative of Clear Raindrop

Continuous mapping As shown in Fig. 1 (a), the appearance of each raindrop is a contracted image
of the background, as if it is taken from a catadioptric camera. The numeric values indicated in Fig. 1 (¢)
are the contraction ratios between the original image and the image inside the raindrops, calculated from
the black and white patterns. The contraction ratio is around 20 to 30, meaning that the motion observed
inside the raindrops will be 1/30 to 1/20 smaller than the other areas in the image. This significant
motion difference can be used as a clue for raindrop detection.

Mathematically, for a given raindrop, we describe the smooth expand mapping start from raindrop
area (), into the environment scene 2. as ¢:

w: Q. — Q. (12)

The appearance of the raindrop and the environment share the same image plane and coordinates.
In order to distinguish, we denote the points and coordinates in raindrop €2, as: P, = (u,v) and the
corresponding points and coordinates in environment €2, as P, = (x,y). Then ¢ can be expressed as:

P. = (2,y) = o(P,) = ¢(u,v) = (¢' (u,v), 9*(u, v)). (13)

Local derivative (Jacobian) The local differentials (Jacobian) of ¢ at P, = (u, v) is defined as:

o, )y (u,0) > 14
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with: o} (u,v) = “5¢
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Figure 1. (a) The appearance of each raindrop is a contracted image of the background. (b) On the image plane,
there is a smooth mapping ¢ starting from the raindrop into the environment scene. (c) Contraction ratios from
background to raindrop are significant.
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Figure 2. Refraction model of a pair of corresponding points on an image plane. There are two refractions on the
light path through a raindrop. (The camera lens cover or protecting shield is assumed to be a thin plane and thus
neglected.)

The local motion at (u,v), denoted as (du, dv)?, and the local motion at (x, ), denoted as (dx, dy)?,

is linearly associated by J,(u, v):
((5x> 7.0 )(6u> 15)
= 'U,’ v .
oy ’ v

Instead of modeling ¢ or J,,(u, v), we are interested in the non-directional scale ratio between
|| (0z,0y) || and || (0u, dv) ||. According to Eq.(15):

| (62, 8y) ||*= (6z, 0y)" (dz, dy) = (5u,5v)T(J‘,,(u, v))TJLp(u,v)(éu, o), (16)

with (J,(u, v))? J,(u, v) is symmetric and positive-semidefinite, and can be diagonalized as:

( A2 (u, )

(Jp(u, ) Jp(u,v) = ET (17)

A2(u, v) )E

where F is an orthogonal matrix, and 0 < A;(u,v) < A2(u,v). Therefore, according to Eqs.(16) and
(17), for any directional motion (du, év) at (u,v):

> Ai(u,v). (18)



A simplified version of Eq. (18) in the manuscript (Eq.(3)) is given as:

o elut du,v 4 6v) — @(u,v)
Ep(u,v,0u,6v) = (Ml’(l;f)LO (u+ du, v+ 0v) — (u,v) |

We can give a lower boundary, denoted as Ajye,-, for all A; (u, v) inside the raindrop area €2,
Nower < min{ A (u, v)|(u,v) € Q,} (19)

We call it the lower boundary of the expansion ratio.

2. Proof of Expansion Ratio

Lower boundary of the expansion ratio The lower boundary of the expansion ratio is given by:

) (20)

w

where n,, and n,, are refraction indices of water and air, d is the distance from the lens to the raindrop, D
is the distance from the raindrop to the background, and R is the lower boundary of raindrop curvature
radius.

Proof A light ray passing through a raindrop undergoes two refractions: first, the refraction from the
air to the water, and second, the refraction from the water to the air. Thus, the mapping function, ¢, can
be separated as two continuous mappings:

0 ="¢ "¢, (21)

index «a stands for air, and w stands for water.

Assuming the contact surface between the camera lens cover and raindrop is flat, ‘¢ should be ana-
lytically solvable.
According to Snell’s law, where n,sinf; = n,,sinf,, we can have:

P, dtanf, n, 1+ Z—j%

P, dtanf;, n, 1+4

= constant, (22)

where the notation is defined in Fig. 2, and 7 is approximately % > 1. Thus the ratio:

ip. P

dP. P n, 15 o,
n #>n_ (23)

ny 14+4 7 ny,
Hence, a lower boundary of the expansion (contraction here) ratio is:

a—w na
A lower= —- (24)
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Figure 3. Simplified refraction model of the second refraction using principle curvature. (a) Given a point on
raindrop surface .S, its two principle curvatures vectors k1, ko and the normal n are orthogonal to each other.
(b) Refraction model of the second refraction when assuming the normal of refraction is very close to the image
system axis. The notation are same with Fig. 2, R is the curvature radius at the place and direction where the
refraction happens.

Now, we estimate the expansion ratio of the second refraction ‘¢, Note that, referring to Fig. 2,
although in the first refraction the direction and position of the emergence light trace could be analytically
solved, the position and angle of the incident light of the second refraction is still unsolvable. This is
because we have no knowledge of the position and shape of the raindrop.

To estimate the expansion ratio of the second refraction, we start from the differential geometry on
the outer surface of the raindrop. For a given position (u,v) on the surface of the raindrop, its up
to second order differential geometry values are illustrated as in Fig. 3(a) [2]. The upper principle
curvature vector, k;, points to the direction where the raindrop surface bends most. And the lower
principle curvature vector, ko, points to the direction where the surface bends least. The curvature vector
of any other direction, k, is the linear combination of k; and k. The values of any curvature vector k is
bounded by k; and ks:

ko <k<k;. (25)

The reciprocal of curvature is called curvature radius: R = % In any direction, it is bounded by two
principle curvature radius: R <R<Rs.
As illustrated in Fig. 2, we now consider the second refraction locally at given point (u, v). Mention

that there is no knowledge about how this local coordinates is aligned to the global coordination. First,

we try to estimate the angular ratio ((11?)?'

According to Snell’s law, we have:

de, w cosh);
=t (26)
doi (1 — (22)%sin%f;):
where we know that Z—Z > 1, thus Eq.(26) gets its minimum when 6,=0:
déo, déo,
i = . 27
mm(dei> do; ;=0 .

This is in accordance with the observation of real raindrop image shown in Fig. 1(a).



As illustrated in Fig. 3(b), according to Eq.(27), we may put the normal of the raindrop surface
considerably close to the image system axis. Assuming every angle is significantly small:

0, <1,0,<1,0.<1,0, <1 (28)
According to Eq.(28), we can use the following approximation: sinf = tanf = 6, % = %. The
expansion ratio is estimated as:
dP. P. 0. Ny d D
dpP, P, 0, ng Rd+ D (29)

Combine Eqgs. (24) and (29), we have:

)\lower > —

(30)

Parameter estimation The three parameters in Eq. (30), D, d and R, are estimated as following:

1. D is the distance from raindrop panel to background, D > 1m is simply satisfied in outdoor vision
system.

2. d is the distance from raindrop panel to the equivalent camera lens center. Usually, d < 200mm.

3. R is the radius curvature on the smoothest place of the raindrop. The bigger the raindrop is, the
smoother the raindrop surface is. However a raindrop cannot be too big without sliding down a vertical
panel. According to our observation (Fig. 1(a)), and static of size of falling raindrops in Garg. and
Nayer’s paper [ 1], usually, R < 2.5mm. Thus, R < 5mm is a very safe estimation.

Substitute the estimation of D, d, R and Z_Z = % to (20), we have:

)\lower > 10. (31)
The simplified version in the manuscript (Eq. (4)) is:

E, > 10> 1.

3. Proof of Areal Expansion Ratio

Lower bound of areal contraction ratio The lower bound of areal contraction ratio is:

2
)\lower'

(32)

Mention that ¢ (Eq. (12)) is not conformal, the proof of Eq. (32) is given as following.



Proof Observing Egs.(17) and (31), both eigenvalues of (J,(u,v))" J,(u,v) is greater than 0 which
means (J,(u, v))"J,(u,v) is positive defined, and thus, J,(u, v) is reversible at (u, v):

ou _ g ox -

And at the neighborhood of (u, v), denoted as V' (u, v), ¢ is a one to one mapping which maps V' (u, v)

0 V(z,y) = (V(u,v)).
If we select a pixel in V' (z, y), its area can be defined as:

|Az||Aylsingd = |Ax||Ay| (34)

where Az = (Az,0)” and Ay = (0, Ay)” denotes the directional width and height of the pixel, 6 is
the angle between Ax and Ay. For a square pixel, Az is orthogonal to Ay, thus sinf = 1.
For the given pixel area, its corresponding area on the raindrop can be calculated using Eq.(33):

I (@, y) Ax|| T (2, y) Aylsing’ (35)

where ¢ is the angle between J; Y(x,y)Azx and J, !(x,y)Ay. Using the lower bound of linear expansion
ratio in Eq.(31), we have:

o (. y) Az (, y) Aylsing” < [T, (z, ) Al J,(z, )~ Ayl

S |)\l_oiuerAm||)\l_mluerAy| = (ﬁ)ﬂAmHA'ZA (36)

Thus, the areal ratio is:
Nower- (37)
[ |

The simplified version used in the manuscript (after Eq. (6)) is:

£2>100> 1.
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